We show how to compute the optical response of a Quantum Disk (QDisk) to an electromagnetic wave as a function of the incident wave polarization, in the energetic region of interband transitions. Both the TM and TE polarization in guided-wave geometry are analyzed. The method uses the microscopic calculation of Quantum Disk eigenfunctions and the macroscopic real density matrix approach to compute the effective QDisk susceptibility, taking into account the valence band structure of the QDisk material and the Coulomb interaction between the electron and the hole. Analytical expressions for the QDisk susceptibility are obtained for a certain model electron -hole potential. Using these expressions, all optical functions can be computed. Results for the absorption coefficient are computed for InAs/GaAs QDisks. Fair agreement with experiments is obtained.
Introduction
Recently zero-dimensional structures which are usually called quantum dots have been extensively investigated. Particular interest has focussed on their linear and nonlinear optical properties, as explained in ref. [1] [2] [3] [4] [5] [6] [7] [8] .
Optical properties of quantum dots, similar to other lower-dimensional structures, are determined by the quantum size effect and excitons. In the case of excitons, the confinement of quasi-particles in a dot leads to enhancement of the oscillator strength of excitons and thus to enhancement of exciton effects. Below we will show how these both effects influence the optical spectra of Quantum Disks.
In the present paper we consider a quantum dot of cylindrical shape, with the symmetry axis z, and with infinite hard wall potentials for electrons and holes located in the xy plane at the radius R. Such a quantum dot is also called a Quantum Disk (QDisk) [9] [10] [11] [12] [13] [14] [15] [16] [17] . Mostly the lateral extension in a QDisk is much greater then the vertical one: the latter is usually smaller than the respective effective exciton radius. Thus the exciton effects in a QDisk are much more pronounced than in a spherical Quantum Dot. The motivation for choosing the disk geometry is the following. First, the cylindrical QDisk model with infinite potentials seems to give a reasonable account of confinement energies in self-assembled quantum dots. Further, it is possible to fabricate vertically stacked quantum disks [18] . Such structures are of interest in fabricating quantum dot lasers and light storage devices, and for their possible application in quantum computing [19] [20] [21] [22] [23] .
Much work has been done to calculate exciton binding energies and oscillator strengths. However, it is not enough to determine the optical spectra. In particular, by calculating the optical response of a QDisk one has to take into account the strong symmetry breaking within a QDisk and the symmetry properties of an electromagnetic wave within a disk.
An incident linearly polarized wave becomes a cylindrical one within the disk and will interact with all spatial components of the exciton dipole. As a consequence, the scattered wave will also differ from a planar wave. Their characteristics (not only absorption, but also the polarization) will be strongly affected by exciton properties of the disk.
Here we present a theoretical study of the linear optical response of a QDisk illuminated by a harmonic electromagnetic wave. The optical properties of such a disk will be obtained using the method of the real density matrix approach [24] [25] [26] [27] . This method has been quite successful in explaining the optical excitation spectra of semiconductor bulk crystals, semiconductor superlattices and some low dimensional structures. The advantage of the quantum-mechanical calculation is that all coherence effects are automatically included.
As it was shown, for example, by Cortez et al. [28] , the optical properties of QDisks depend on the polarization of the incident wave. So we will discuss this dependence, concerning three types of waves: a wave polarized in the plane of the disk (TE), a wave polarized in the growth direction (z), and a TM wave obtained by a guided-wave mode.
In the real density matrix approach the optical properties of semiconductors near the fundamental gap are described by a set of constitutive equations for the coherent amplitudes Y λμ of the electron and the hole of coordinates r e and r h respectively:
where λ is the index of an occupied valence band and μ labels an empty conduction band, H λμ is the two-band effective mass Hamiltonian, E denotes the electric field inside the QDisk, and M λμ are coupling functions defined as the interband transition dipole moments. The coherent amplitudes determine the polarization within the QDisk
R being the e-h center of mass coordinate, r = r e − r h the relative coordinate. The above equations, together with Maxwell's equations, contain all the ingredients for the calculation of all optical properties of quantum disks.
To derive the optical properties of excitons in QDisks we need the simultaneous solution of the constitutive equations (1) and of Maxwell's equations, taking into account the exciton polarization (2) . Note that our constitutive equations refer to a 6-dimensional configuration space (r e , r h ), in which we assume certain boundary conditions for the motion of electrons and holes, whereas the definition of P(R) in Maxwell equations refers to the excitonic center-of-mass coordinate within the QDisk. This makes our problem extremely complicated and requires simplifying assumptions. We have shown that analytical expressions for an effective QDisk susceptibility can be obtained by applying a reasonable model electron-hole potential and thus QDisk optical functions can be computed.
The paper is organized as follows. In Section 2 we derive the basic equations for the real density matrix approach adopted to the case of QDisks. In Section 3 we show how to solve the constitutive equations. Using these solutions, we compute in Section 4 the linear optical properties of a QDisk, choosing the absorption coefficient, for different polarizations of the incident wave. We also describe the effect of changing the disk radius on exciton energy. In Section 5 numerical results are given and discussed for the case of InAs/GaAs QDisks. In Section 6 we present our conclusions.
Constitutive equations
Our goal is to compute the optical response of a QDisk illuminated by an external harmonic electromagnetic wave of frequency ω. We use the effective mass approximation, with the conduction band, light-and heavy hole-band effective masses. For a couple of bands λ, μ the constitutive equations (1), in the presence of a dielectrically screened Coulomb interaction between electrons and holes, will take the form [24, 27] 
with the Hamiltonian
where we added life-time broadening parameter Γ ; m h , m hz are the in-plane and z− hole effective masses, the electron effective mass m e is assumed to be isotropic, b is the static dielectric constant of the QDisk material. The confining potentials in the z direction are assumed as steplike.
Now we make the following simplyfying assumptions: 1. We assume that the hole motion is determined only by the confinement potential. 2. In the discussion of the r.h.s. terms M·E we neglect the vectorial structure of the wave within the QDisk ("long wave approximation"): its nonplanar character will be accounted for by taking
D ν (ρ e , ρ h ) being the in-plane transition dipole densities, and M 0ν the integrated dipole strengths. This approximation corresponds to that made by Atanasov et al [30, 31] (the concept of an average electric field); see also [32] , where an analogous approach was used for quantum wells, and [33] for the case of spherical quantum dots.
3. Mostly the extension of the disk in the growth direction is of the order of a few monolayers (ML), so we consider only the lowest confinement states ψ e1 , ψ h1 of electrons and holes in the z direction, with the respective eigenvalues E e1z , E h1z . By this assumption we seek for amplitudes Y in the form
With regard to (5), the constitutive equations (3) for the radial parts of the electronhole amplitudes take the form
where
V ef being the effective electron-hole interaction inside the disk. The potentials V e (ρ e ), V h (ρ h ) are accounted for by the boundary conditions
The next steps will be the following: 1) the computation of the exciton susceptibility where we will need the solutions of the constitutive equations (7), 2) the computation of the QDisk absorption.
The point 1) will be discussed in Section 3, and point 2) in Section 4.
Solution of the constitutive equations
The solution of eq. (7) satisfying the conditions (9) is quite a complicated problem. We demonstrate below that the solution can be obtained when an approximation concerning the effective electron-hole interaction potential is made. We believe that this simplification does not essentially change the physical properties of the system under consideration. We assume that the effective e-h interaction potential can be taken in the form
The above simplification can be justified as follows. For typical QDisks the vertical extension is of the order of a few ML, i.e. much smaller than the excitonic Bohr radius. So the electron-hole interaction can be considered as two-dimensional. At the ground state the most probable position of the hole is at ρ h = 0, so in this case the expression (10) is valid. For excited states the energies due to the e-h interaction are negligible compared to the confinement energies, so it is not very significant what type of the e-h potential is considered. Taking into account (10) and the assumption about the hole motion, we seek the radial amplitudes Y in the form of the following expansion
where ψ mn (ρ h ) are the two-dimensional confinement eigenfunctions for the holes
J m (x) being the Bessel functions, x m,n their roots and A mn the normalization constants. By the properties of Bessel functions we take the nonnegative values m. The eigenvalues of the in-plane hole motion are
The electron radial amplitudes Y mn (ρ e ) satisfy the equations
andD
The same type of equations hold for the heavy-and light hole excitons. We also impose that the electron radial amplitudes satisfy the boundary condition
Equation (14) can be solved by means of an appropriate Green's function. Introducing a dimensionless variable ρ = ρ e /a * e we put the Eq. (14) into the form
with κ
and with the electron Bohr radius a * e defined as
The Green's function has the form [27] , (see also, for example, [34] ) 
The boundary conditions (17) give for A mn the expression
From the above Green's function, assembling equations (14), (11) , and (6), we compute the electron-hole amplitudes Y.
The optical properties
The way to obtain the linear optical properties by the real density matrix approach is the following. 1. We compute the amplitudes Y in the way described above.
The amplitudes determine the QDisk polarization by the equation (2).
3. Having the polarization we can compute a mean value of the QDisk susceptibility tensor
where V is the disk volume. So we can compute an effective dielectric tensor,
and thereby the QDisk optical functions. We assume that the QDisk material has the same band structure as the corresponding bulk material. In the case of InAs QDisks, which we will discuss, we have a direct gap, and at the Γ point the valence band splits into the heavy-hole HH (H), and the light-hole LH (L) subbands. The conduction band C will be considered as non-degenerate. An external wave with an appropriate frequency ω induces electronic transitions between the valence subbands and the conduction band. In the disk geometry we make a cylindrical approximation for the bands. The transition HH→C is induced only by a wave polarized in plane. The transition LH→C is allowed for both, in-plane and z polarizations (see, for example, [36] ). These properties are described by the dipole transition moments M
the quantities M H , . . . being functions of the relative coordinate
and we assumed for them the form (5). In the following we will discuss the two cases of the wave polarization.
TE-polarization
We consider the case when the electric field vector has one nonvanishing component. The case with E = (E x , 0, 0) (or E = (0, E y , 0)) corresponds to the in-plane polarization. The relevant amplitudes are Y H and Y L . The constitutive equations for the electron radial amplitudes take the form (14) with coefficients appropriate to H and L excitons. For performing the calculations, we take, for simplicity,
and thus obtainD
Other shapes of D m (ρ e , ρ h ), for example an exponential form, can be considered [33] , but it does not change much the absorption lineshapes. Making use of the Green's function (21) we have computed the amplitudes Y and from them the polarization and the mean susceptibility. For the in-plane polarization the susceptibility tensor has nonvanishing components xx, yy, consisting of two contributions
each of them of the form
with
with an analogous expression for χ yy .
In the case of a wave with a component E z only the LH→ C transition contributes, and the nonvanishing susceptility matrix element is χ zzL , which is given by the expression (32) with the data appropriate to the LH→C transition and the z polarization.
TM polarization
We discussed above the cases of a linearly polarized wave. In experiments done by Cortez et al. [28] the quantum disks planes were inside a rectangular wave guide of dimensions 6 mm × 3mm × 20μm. In such a wave guide we can consider a TE type wave, which corresponds to the above discussed in-plane polarized wave. An optical response to a TM polarization was also measured. The calculations of the optical functions in this case are more complicated than in the cases of linearly polarized waves, since the electric field vector of a TM wave has three nonvanishing components E x , E y , E z . For the TM wave the dependence between the polarization vector and the electric field is given by the relation
with the susceptibility tensor χ
and χ L being a full matrix. Assuming isotropic properties in the xy plane, we obtain the matrix elements as follows
given by the formulas (32) . The remaining matrix elements for the light hole transition are
and
We assume that the usual relation holds true for all m's (see, for example, [36] )
The correct theory of the optical properties in the case of TM wave requires a solution of the boundary problem, for example, the computation of the transmission coefficient. In this case we will have various coefficients, for example T x , or T z , for various components of the outgoing wave. Similar problems were discussed for II-VI compounds when the optical properties near the isotropic point were computed (see, for example, refs. [37] [38] [39] ). Table 1 .
In the case discussed above we must solve the Maxwell equations in a waveguide with anisotropic properties. This interesting case will be discussed in future. At the moment, in order to have a qualitative description of the TM optical response, we consider a harmonic wave propagating in the waveguide in the x direction. The Maxwell equation for the electric field, taking into account Eq. (34), has the form
which can be written as d
where k 0 = ω/c, and the dielectric matrix is defined by the relation
We seek the solution of Eq. (40) in the form of an outgoing wave
which yields
The solution of the above equation is given by the vanishing of the determinant
We take the solution where
The absorption coefficient is now given by the equation
The polarization properties of the TM wave are accounted for in the matrix elements of . We obtain the absorption peaks for all interband transition energies, as for the TE wave (in-plane polarization), but the line shape is different. Table 1 .
Results of specific calculations
We have carried out detailed calculations for Quantum Disks of different radii, using the parameters appropriate to InAs/GaAs QDisks which were experimentally studied by Cortez et al. [28] . The relevant band parameters are collected in Table 1 . The dimensions of the disks studied in ref. [28] were 4 ML height and 15 nm diameter in the lateral extension. We choose the value L z = 0.9 nm for the height. The hard wall confinement is certainly an approximation, and a finite potential will give a better approximation [14] . Thus having in mind the results of Cortez et al. [28] we take an effective disk radius R * to fit the experiments. The value 0.4a * e ≈ 13.9 nm for the disk radius gives a reasonably agreement. To obtain at least 4 resonances we consider the states (0,1), (1,1) (0,2) for the in-plane confinement. Then we have computed the total in-plane energies for those states consisting of the electron energies and the hole energies. Their values were obtained from the poles in the corresponding Green's functions, and their dependence on the disk radius for the two lowest states is displayed in Fig. 1 . We can observe that the effect of the confinement prevails on the increase in binding energy for small radii compared to the Bohr radius. There is a critical value of the disk radius where the confinement energy is equal to the Coulomb energy (about 0.7 Bohr radius a * e ). For disk radii greater than the critical radius the eigenenergy is negative, and the limit of the two-dimensional value of −4R * already obtains for QDisk of 2 a * e . For the case of the (1,1) state the zero energy obtains for about 3 a * e . The hole energies are obtained from Eq. (13), and so the total (electrons+holes) in-plane energy can be computed. The results are displayed in Fig. 2 . Having computed the electron energies, we compute the excitonic binding energy given for the in-plane confinement state m, n by the expression
E mn being the energy eigenvalues of the electron in plane motion, when the interaction with a hole placed at ρ e = 0 and the disk boundary conditions are taken into account. The results for the two lowest excitonic states are displayed in Fig. 3 . The absorption coefficient depends on the effective susceptibilities. The imaginary parts of the susceptibility matrix elements as functions of the energy are displayed in Fig. 4 . Using the susceptibility matrix elements we have computed the absorption coefficient for the TE wave and for the TM wave. The results are displayed in Fig. 5 . We can observe that resonances appear in the absorption lines, in correspondence to the excitonic transitions. In the energetic region under consideration we observe four resonances for both TE and TM polarizations. For the TE polarization the effects of the heavy-hole resonances prevale, whereas in the TM polarization we observe that the maxima corresponding to the light-hole exciton transitions are more pronounced, in correspondence to the greater oscillator strength for the z-polarized wave transition. This tendency was observed in experiments of Cortez et al. [28] .
Our results reproduce quite well the experimental observations of Cortez et al. [28] . In particular, they display the peaks in the z-dependent data, which are responsabile for most of the TM absorption of Fig. 2b of ref. [28].
Conclusions
We have developed a simple mathematical procedure to calculate the optical functions of QDisks. The method takes into account the optical anisotropy of the QDisk material, the Coulomb interaction between electrons and holes and the coherence of the electron-hole pair with the radiation field. Our method has been applied to InAs/GaAs QDisks, for input waves with different polarization. In each case we compute the effective susceptibilities, and consequently the effective absorption coefficient. In the case of the TM polarized wave the results should be considered as preliminary. The TM wave has three components with different strength, so the exact calculation should include a dependence of the spectra on the wave intensity [24] [25] [26] [27] . This requires including nonlinear terms in the real density matrix approach scheme. In spite of the linear approximation which we have used, a fair agreement with experimental line shapes for all types of polarization is obtained.
